INTRODUCTION
Dielectric properties of polyelectrolyte solutions have been studied experi mentally for more than thirty years, but progress in understanding these properties has been rather slow. A particularly unfavorable combination of experimental difficulties and unsettled theoretical problems has noticeably influenced both the extent of the work devoted to this subject and the pace in which explanation and prediction proceeds in this field. The latter is not surprising in view of the difficulties encountered in dielectric theory in general (see e.g. Refs. 1, 2) and taking into account the additional problems arising through the presence of free charges in the solution. Moreover, in the complementary field of the dielectric properties of ordinary electrolyte solutions, the situation is hardly better, and even there many problems remain unsolved in spite of recent progress (3) .
In recent years new theoretical work directly or indirectly related to the dielectric properties of aqueous polyelectrolyte solutions has appeared (see the section on Theory), focusing attention again on the rather un satisfactory state of affairs in this field. Hence, the appearance of this review seems justified and we hope it will stimulate further investigations, theoretical as well as experimental, in which new possibilities available through developments in other areas might be exploited. A fu rther justification is that in recent times, only a few review articles of limited extent in this field have appeared (4-7).
We shall limit this survey to aqueous solutions of true polyelectrolytes, 75 0066-426Xj84jl101-0075$02. 00 
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MANDEL & ODUK excluding proteins, but with an occasional reference to related systems, without attempting to be exhaustive. We discuss only linear dielectric effects. First, some general remarks regarding polyelectrolyte solutions and their dielectric properties will be made. In the second part experimental results as described in the literature are summarized, whereas the section after that deals with the theoretical aspects. Finally, the review ends with some general conclusions and suggestions for fu rther investigations.
EXPERIMENTS

General Remarks
Before reviewing the state of the art of the field of dielectric properties of polyelectrolyte solutions, it is useful to point out certain facts that may be important in understanding some of the problems that are discussed later on.
We shall here define polyelectrolytes as macromolecules which in solution carry a relatively large number of charged groups. Sometimes it is possible to control the amount of charge, e.g. in polyelectrolytes with weakly acidic or basic groups, but in many cases all chargeable groups are fully ionized in water at ordinary temperatures. It is not uncommon to have more than 103 elementary charges, either positive or negative, distributed more or less unifo rmly along the macromolecular chain, together with an equivalent number of small counterions in the solution irrespective of the presence of small ions provided by added low molar mass electrolytes. The probably strong cooperative interactions between the charges on the macromolecule and the counterions has led to speculations concerning the association between the polyelectrolyte molecule and a certain fraction of the latter at equilibrium. Some experimental facts support the hypothesis of association but, contrary to what some people believe or even tend to assert, association or other related phenomena such as condensation are far from unambiguously established or theoretically well justified (8) .
Charged macromolecular chains cannot be represcnted as point charges but rather are characterized by a spatial charge distribution that depends on the flexibility of the chain and on all interactions within the solution: intra-and intermacromolecular interactions, interactions of the chains with the small ions, and interactions with the solvent. The problem of the average macromolecular" conformation has not yet been solved in a completely satisfactory way but recently new insight has been gained by considering the polyelectrolyte as a worm-like chain (9) (10) (11) . This applies particularly to systems in which the macromolecular charges are con siderably screened by an excess of small ions arising fr om added low molar mass electrolyte. Under these circumstances, the electrostatic interactions may be considered as perturbations only so that thc average conformation problem may, with appropriate modifications, be related to that of a neutral macromolecule in a good solvent, the latter problem having been extensively studied (12, 13) . Conformational aspects are much more difficult to understand in polyelectrolyte solutions when either the simple elec trolyte has a concentration much smaller than the equivalent concentration of the polyelectrolyte or is completely absent. In that case the screening of the macromolecular charges is still unsatisfactorily understood. Therefore, the theoretical treatment of polyelectrolyte solutions under these con ditions and the subsequent explanation of their physical properties lag behind those for polyelectrolyte solutions with an excess of salt. This is particularly so for the macromolecular concentration effects. Whereas in the excess salt case the concentration regions can be distinguished in analogy with solutions of neutral polymers (14) , this cannot be easily done in the salt-free case (14) (15) (16) , especially because the polyelectrolyte concent ration may affect the influence of electrostatic interactions on the flexibility of the chain. Experimental evidence fo r the occurrence of various concent ration regimes has been obtained by quasi-clastic light scattering measure ments (17) (18) (19) (20) . These results also confirmed the difference in concentration behavior of polyelectrolyte solutions with or without added salt. For the latter the question has even been raised as to whether there is an experimentally accessible concentration where intermacromolecular inter actions are negligible (14, 15, 21) . It should be clear that the interpretation of physical quantities of polyelectrolyte solutions without low molar mass electrolyte needs proper consideration ifno concentration effects have been studied.
For dielectric measurements on polyelectrolyte solutions, an additional and considerable difficulty of purely experimental nature has to be taken into account, as is also the case for ordinary electrolyte solutions. This difficulty arises fr om two sources, which both find their origin in the electric conductivity of the solutions considered. The first one is due to the small value of the intrinsic phase angle e of a conducting solution, which decreases with increasing conductivity and decreasing frequency according to the fo llowing fo rmula.
tg e = 5.65 x 10-13 (8)/(J) L Here 8' is the relative permittivity (dielectric constant) and (J the specific conductivity (in n-1 cm -1) of the solution, f the frequency (in Hz). For f = 103 Hz and 8' = 103 (a high but not rare value fo r a polyelectrolyte solution) and assuming (J = 10-5 n-1 cm -1, the phase angle e is only 6 x 10-2 rad (less than 2 degrees). Such a low value of the phase angle makes an accurate determination of the relative permittivity by conven-tional capacitance measurements quite difficult if not impossible. For frequencies below 1 MHz, commercial general purpose instruments cannot be used for a reliable study of dielectric properties of conducting solutions without a careful and critical examination of possible complications arising from the conductivity of thesc systcms. At frequencies above 1 MHz the phase angle is generally no longer of major importance, but it is replaced by more conventional problems, which are by no means diminished in view of the persistence of an important conductance contribution (22) (23) (24) . Special measuring devices have been proposed to determine the capacitance of a two or three electrode cell with small phase angles in the more difficult frequency region (25) (26) (27) (28) .
The second difficulty encountered in these dielectric measurements arises in capacitance determinations performed with blocking electrodes between which electric current circulates. The blocking electrodes give rise to a frequency-dependent polarization impedance also called electrode effect (22, 29, 30) . This impedance affects the measured capacitances up to relatively high frequencies (of the order 10-100 kHz) and generally depends on the electrode material and electrode surface, on the conductivity of the solution and on some other factors which are not so well established. Different correction procedures for electrode effects in convention impe dance/admittance measurements using a two or three electrode sample cell have been proposed. They are based either on an empirically estab lished simple frequency dependence of the electrode impedance con tribution (31) (32) (33) (34) or on the assumption of the electrode effect being independent of the electrode spacing. For the latter some direct experi mental evidence has been fo und (29) . The fo rmer procedures can only be applied in a frequency range where the dielectric properties of the solution itself are not frequency dependent, or necessitate fitting of experimental permittivity data at various frequencies to an empirical equation, involving a large number of adjustable parameters (35) . In the other procedures special sample cells are needed with variable but accurately known electrode spacings. Here the electrode effect corrections are applied at every single frequency, and no interference with dielectric dispersion of the solution has to be feared (22, (36) (37) (38) . Other complications may arise, however, fr om the nonideality of the plane parallel capacitor used as the sample cell (39, 40) .
Both correction methods tend to break down below 10 kHz when the contribution of the electrode admittance, which increases rapidly with decreasing frequency, dominates the measured capacitance, although measurements at much lower frequencies have been published, in which a conventional two electrode cell at two different spacings was used in conjunction with a fast digital signal processing technique (41) . Therefore special low fr equencies techniques have been developed involving a fo ur electrode cell in which the conductivity and the permittivity of a given solution are measured under such experimental conditions that (most of) the electrode effect cannot interfere. This method, apparently proposed but not applied by Schwan (22, 38) , was first used for measurement of the complex conductivity from which the low frequency dependence of the relative permittivity was calculated (42, 43) . Techniques for the direct determination of the relative permittivity together with the conductivity were developed later on (44) (45) (46) (47) . With these techniques, determinations of f. ' have been claimed down to 1 Hz or even lower, depending on the conductivity of the solution ; the upper bound lies in the kHz range. These fo ur terminal methods seem to give quite reliable results in the frequency range covered, provided the conductivity is rather low. It remains to be proven that at the low frequency end, electrode polarization effects really do not contribute, particularly for those systems for which no plateau value of 10' is reached at the lowest frequencies attainable.
Another rather recent technique for determining the relative permittivity and dielectric loss of conducting systems at very low frequencies (of the order 0. 1 to 10 Hz) is based on the combination of Fourier synthesized pseudorandom noise (used as a superposition of electric perturbations) and a fo ur electrode cell (48, 49) . This method also seems to avoid the influence of electrode effects, but the frequency range is limited and the results are noisy.
It should be realized that all the techniques mentioned have a rather limited sensitivity in as fa r as detecting an increase of the relative permittivity of the solution with respect to the pure solvent is concerned. This sets a lower limit to the polyelectrolyte concentration accessible for s ' determinations. On the other hand, except at the higher frequency end, there is an upper bound to the concentration imposed by the conductivity (in general (J < 10-3 Q -1 cm -1). The latter limitation makes it also difficult to perform dielectric measurements on polyelectrolyte solutions with a large excess of low molar mass electrolyte. Most of these techniques have a rather limited frequency range that is generally much smaller than the total dispersion region of polyelectrolyte solutions (see below). Used alone they will as a rule contain only partial information concerning the dielectric dispersion considered, and some of the dielectric parameters will have to be obtained by extrapolation procedures, which themselves need careful consideration.
It is important to stress that the accuracy of the s ' measurements may be different for the various techniques discussed and it is sometimes difficult to establish how accurate the determinations are in view of the many difficulties involved. Nevertheless, as the dielectric increments of poly-electrolyte solutions are large (,1s' > 20 at most frequencies and for concentrations not too low), most of the measurements may yield results that in a semiquantitative way are reasonably reliable. In some cases, however, different authors have obtained quite different results for the same system under comparable conditions. It is much more difficult to determine the imaginary part of the dielectric increment ,1s", which corresponds to the dielectric loss of the polyelectrolyte dispersion. The measured conductivity of the solution (J = (J(w) will contain two contributions, one from the static conductivity (J 0 and another fr om the dielectric loss, according to the general relation w,1s"(W) (J(w) = (Jo + .
n 2.
At low frequencies the first term may dominate the second. Note that the dielectric loss contribution cannot be distinguished or measured separately fr om the frequency dependent part of the conductivity if the conductivity itself also presents a dispersion in the frequency range considered. This stems from the well-known general correspondence between the complex relative permittivity s* and complex conductivity (J*
(If fo r the frequency dependence of the field one prefers exp( -iwt) to exp{iwt) as used here, then iw in the third and fo urth member of Eq. 3 should be replaced by -iw and s* should be written s' + is".)
Review of Results
We do not present here a historical survey of papers giving experimental data on the dielectric properties of aqueous polyelectrolyte solutions. Rather, we try to review these properties in a general way with references to the relevant publications. Only a few papers are mentioned in the beginning to establish how progress in this field has taken place. We make in principle no distinction betwecn solutions containing polyelectrolytes of synthetic origin or natural products (DNA, polyelectrolytic polysaccharides, etc). In as far as it is possible to make a comparison of all rcsults, no specific qualitative differences appear between these two classes of poly electrolytes. The first investigations of polyelectrolytes appeared around 1950 with high fr equency measurements on DNA solutions by AUgen and co-workers (51, 52) , fo llowed by measurements on a synthetic polyelectrolyte at somewhat lower fr equencies in 1954 by Dintzis et al (53) . The latter conjectured the existence of two separate dispersion regions. In the same year Allgen and co-workers (54) established that neutral polysaccharide analogues of charged carboxy-methylcellulose did not show any com parable dielectric increment. The first systematic investigation of a synthetic polyelectrolyte in which concentration, molar mass, linear charge density, and the influence of salt were studied in the low frequency region was published in 1963 (55, 56) , followed in 1969 by an analogous study at higher frequencies (57) . In the fo rmer it was also shown, at least qualitatively, that the dielectric behavior of positively and negatively charged polyelectrolytes is identical. The first paper in which both the high and the low dispersion regions were studied simultaneously appeared in 1972 (58) . The frequency range was limited to 300 Hz-6 MHz. The upper bound was extended in 1974 to 100 MHz (59), whereas the first direct determinations of e ' for polyelectrolyte solutions below 100 Hz (down to a few Hz or less) were published in 1976 (50) .
From all the published evidence so far, a certain number of general features seem to emerge for the dielectric p ro p erties of p olyelectrolytes in water or in solutions with low concentrations of mono-monovalent salts (co :;::; 10-3 M). We summarize these below. At room temperature, for degrees of polymerization not too low (DP> 300) and for sufficiently high charge densities (for weak polyacids 0.3 < aD < 1, with aD the degree of dissociation), the measured relative permittivity exceeds the value of the pure solvent for frequencies below 100 MHz. Near 100 MHz, in practically all cases investigated, the dielectric increment with respect to the solvent becomes negligible, indicating that at this frequency no significant contribution of the charged macromolecule to the polarization of the system persists, nor is the polarization of the solvent affected by the polyions (59) (60) (61) (62) (63) . Below 100 MHz the dielectric increment increases with decreasing frequency, generally exhibiting two dispersion regions that are more or less well separated (53, (58) (59) (60) (62) (63) (64) (65) . The dispersion region in the higher frequency range has a critical frequenc Y!c.2 between 1 and 10 MHz that is independent of the molar mass of the polyelectrolyte at all concentrations investigated (57) (58) (59) (60) 63) . The same is true for the total amplitude of this dispersion region. The lower frequency dispersion region, on the other hand, is characterized by a critical frequency that decreases with increasing molar mass, whereas the total amplitude increases on the contrary (55, 59, 60, 63, (66) (67) (68) (69) (45, 50, 55-57, 59, 60, 62, 63, 69) . The amplitudes of both dispersion regions are strongly concentration dependent and in many cases it was found that the specific values of the dielectric increments !!.. e')Cp decreased with increasing concentration at constant M and charge density (45, (53) (54) (55) (58) (59) (60) 62, 63, 67, 71) . Here Cp is the concentration of the polyelectrolyte expressed in g dm -3 and !!.. e� the (extrapolated) static dielectric increment, de� = de'l(O) + dez(O); the indices 1 and 2 refer to the lower and the higher dispersion region, respectively. We return to this point below.
There is also evidence that the specific increments increase with increasing charge density at constant Cp and M in both dispersion regions (55, 58, 59, 62, 72) . It should be noted, however, that Sachs et al (57) fo und for poly(acrylic acid) partially neutralized by NaOH that dez(O)jCp did not change with aD in the interval 0.25 < aD < 0.75. This is in contrast to the results of van der Touw et al (59) with the same system. The origin of this discrepancy is not clear and may be due to the fitting procedure used in the former paper. In this respect it should be realized that the absolute amplitude of the higher frequency dispersion is generally small, often even smaller than 10 (contrary to what is observed for the lower dispersion where, depending on the molar mass and concentration, very high amplitudes-sometimes even larger than several hundreds-are observed), and that there is some overlap between the high frequency part of the lower frequency dispersion and the low frequency part of the higher frequency dispersion.
There is ample evidence that f�,2 is an increasing function of the concentration (54, 57-60, 62, 63) . Not much evidence is available for a possible charge density dependence of j�,2' It was reported that for poly(acrylic acid),fc.2 did not change in the range 0.25 < aD < 0.75 (57) but, on the other hand,fc. 2 was fo und to be higher at aD = 0.65 than at 0. 10 for the maleic acid-ethylene-copolymer (62) . Finally, for poly(glutamic acid) !c,2 only very slightly increased with IXD (60). In the first work cited here the constancy offc,2 within 2% fo r the fo ur degrees of dissociation investigated is too remarkable not to raise again questibns concerning the fitting procedure.
For the lower frequency dispersion the oeD-dependence of the critical frequency has not been investigated systematically either. Only for poly(glutamic acid) was such a study undertaken, but this is rather a particular case as this polyelectrolyte undergoes a conformational trans ition upon increase of the pH. Takashima (73) fo und approximately the same!c.l at low and at high pH but a minimum in the pH region where the macromolecule undergoes its helix-coil transition. Later on, analyzing results over a broader frequency range, Muller et al (60) found that!c.l yields a more or less sigmoidal curve with increasing pH. It should be noted that Takashima studied also the heat-induced denaturation of DNA (67) and fo und a different behavior in the transition region between double helix and coil as compared to later, more extensive, work by Tung et al (45) .
The concentration dependence of!c.l has been thc object of many studies A word of warning against simple comparison of concentration effccts in solutions of different polyelectrolytes is perhaps appropriate here. As pointed out above, polyelectrolyte solutions without salt or with a very low salt concentration may exhibit a considerable number of concentration regimes or transition regions, the location of which on the concentration scale may depend on the nature of the macromolecule (e.g. the flexibility of its chain), its contour length, which is proportional to M (14) , and the interaction with the counterions (21) . A given concentration range ex pressed in g dm -3 may therefore cover different situations for two different polyelectrolytes, such as a low molar mass poly(acrylate) and a high molar mass DNA, and thus yield different experimental concentration de pendcncies. In as far as concentration effects depend strongly on molar mass, the use of heterodisperse macromolecular samples also can yield confusing results. In most of the investigations published so far it is unfortunately difficult to reach any conclusions concerning the molar mass distribution of the samples used. We have already indicated above that for 84
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Ae'l (O)/Cp generally a decrease with increasing Cp is found. For probably heterodisperse salmon testis DNA (M ::= 2 X 106 g mol-1) Sakamoto et al (74) found that the specific increment remained constant up to 0. 1 g dm-3 but increased thereafter, whereas Molinari et al (69) , using a fractionated calf thymus DNA sample (of unknown degree of polydispersity, however), found a decrease of the specific static increment for a few concentrations up to 0.1 g dm -3 with an indication for a subsequent increase. With heterodisperse sonicated calf thymus DNA (Mw::= 3 X 105 g mol-1 )
Vreugdenhil et al (63) found that the specific static increment steadily decreased from 0.03 to 1 g dm -
3
. It is difficult at present to draw any definite conclusions regarding DNA, the more so because in practically all cases, de'l(O) had to be obtained by extrapolation, as even for the lowest frequencies at which the DNA solutions had been investigated, the increment was not yet frequency independent. In view of the fact that for practically all other polyelectrolytes investigated only specific increments decreasing with increasing concentrations have been found, we wonder whether the opposite effect observed in some cases with high molar mass DNA should not be attributed to some other origin. Note that Sakamoto et al also claimed not to have found evidence for a high frequency dispersion for heterodisperse calf thymus DNA (50); some of their Cole-Cole plots show definite deviations at the high frequency end, probably caused by the second dispersion region.
It is clear anyway that there is an urgent need for a systematically performed investigation of the concentration dependence of the dielectric properties of polyelectrolytes over as broad a concentration range as possible. This may or may not confirm the empirical relations proposed by van der Touw & Mandel (59) for the concentration dependence of both the specific increments and relaxation times, which have been (partially) confirmed in some cases (60, 63) ,
5b.
6.
but not in others where a decrease of de'/Cp with Cp had been observed indeed (45) . In these equations A S ) B s ' A2, B2, A�, A�, B� and B� are assumed to be constants. Equations 5 and 6, if they can be applied, make it possible to perform extrapolations to zero concentration where intermolecular interactions should be absent, and to compare the extrapolated values
to theoretical expressions (which have been derived without taking into account such interactions; see next section). It has been noted, however, that the extrapolated values may well differ from the values of the corresponding parameters at the real infinite dilution situation, because of the occurrence of different concentration regimes (6) , and therefore such extrapolations should be considered with proper care. It is necessary to point out that agreement on certain general features of the dielectric dispersion of polyelectrolyte solutions (as illustrated in Table 1) is only of a qualitative nature. Two analogous systems studied in different laboratories often yield different values both for the dielectric increments and the critical frequencies. As an example we may quote the differences in A8� and L 1 observed by Tung et al (45) between their results and Takashima's (67b). Here again it is necessary to take into account eventual differences in the systems investigated although both were calf thymus DNA. But of course there also remains to be considered the differences in the experimental techniques used as well as in their accuracy and sensitivity, Such quantitative discrepancies combined with the problems related to the concentration effects make comparison with theory difficult and may explain why different theories have been quoted to be consistent with experimental results. Another illustrative example of such discrepancies is shown by the molar mass dependence of �i:: andfc,l' Although only a few investigations have been performed, quantitative agreement is lacking. In some papers it is claimed that �E: andfc�l are proportional to M (55, 66, 69) but in others that �E� andfc�l increase as M 2 (67, 68), Here also the results refer to different systems under different experimental conditions and the remarks formulated above for the concentration dependence also apply to these cases.
There is nearly complete agreement on the qualitative effect of added salt on the dielectric increments of polyelectrolyte solutions. In all cases investigated, low molar mass electrolyte was found to have a depressing effect on �E' (45, 50, 55, 58, 71, 75, 76) . Salts with divalent counterions gave a larger decrease than salts with monovalent counterions. Some specificity on the nature of the counterions has been observed. This particularly applies to polyelectrolyte solutions in the absence of salt but with a mixture of monovalent and divalent counterions in various ratios (56, 64, 65; unpublished results from this laboratory with different polyelectrolyte solutions).
Some isolated effects have been briefly discussed in the literature and are emphasized here because they need further confirmation and more extensive investigations. The only study on the influence of the temperature on the dielectric properties of polyelectrolyte solutions of which we are aware was performed on high molar mass DNA (45) . In a range where no denaturation was expected (between 5 and 25°C), �i:: was found to increase with temperature; for temperatures above 64°C, denaturation caused �i: s to decrease with increasing temperature. Above 90°C the.increment became very small indeed. The other observation concerns the dielectric properties of polyelectrolytes of small dimensions. It was reported (61) that for poly(phosphates) in aqueous solution, a sample of DP = 338 still exhibited the two dispersion regions observed normally. For DP = 112, however, the experimental results could best be fitted to a single dispersion curve. The intermediate sample of DP = 198 was found to be a borderline case as the frequency dependence of �E' could be fitted to either one or two dispersion curves. As these measurements have been performed at a single concen tration, it is not yet clear whether these differences depend only on M or also on the difference in concentration regime of the three solutions studied.
There remains to be discussed what interpretation was given to the dielectric effects observed. In the earlier period there had been much confusion about the nature and the origin of the increments and the dispersions observed. Specific permanent dipole moments, Maxwell Wagner effects, dipoles arising from the charged groups and their counterions or fr om impurities attached to the macromolecular chain, have been invoked to explain the relatively large dielectric increments, even at high frequencies, as compared to uncharged analogues of the poly electrolytes studied or to ordinary electrolyte solutions. It has been shown in several publications that these explanations cannot be upheld. This became particularly evident when DNA in its double helix conformation was fo und to yield qualitatively the same dielectric results as other polyelectrolyte solutions. It is indeed to be excluded that the two anti parallel strands of DNA forming the double helix can give rise to a net permanent dipole moment, and careful purification of DNA samples did not result in qualitatively different dielectric behavior (74) . As already pointed out by Dintzis et al in 1954 (53) , a Debye-Falkenhagen type of effect due to the distribution of the small ions around the charged macromol ecules should rather be thought to be responsible fo r the dielectric response of polyelectrolyte solutions. The absence of spherical symmetry for the macromolecular chain at low salt concentrations down to Co = 0 has considerably retarded the more rigorous theoretical treatment of this problem, but different simple models based on a one-dimensional approach have been proposed particularly to explain As� and the lower frequency dispersion. These associated counterion polarization models are discussed briefly in the next section.
It was even more difficult to account for the higher frequency dispersion. Van der Touw & Mandel (76) introduced a model in which the poly electrolyte was pictured as a nonlinear sequence of identical rod-like subunits and the mobility of associated counterions along a subunit was assumed to be different from the mobility of the counterion when going from subunit to subunit. Induced dipole moments due to distribution of counterions along the subunits would be responsible for the amplitude of the higher frequency dispersion region, whereas As s would be determined by the induced dipole moment of the total macromolecule and its associated counterions. The higher frequency dispersion relaxation time, ! 2 = (2n . fc. of the counterion distribution along a subunit and would therefore, just as also As2(O), be independent of M. The lower frequency dispersion would be characterized by an average relaxation time containing possibly contri butions fr om the relaxation mechanism of the overall counterion distri bution along the polyelectrolyte and from the rotational diffusion of the polyion (both contributions depending on the average size, and therefore with <R�> the mean square radius of gyration and b the length of a subunit.
Some evidence for these relations has been found for quantities ex trapolated to zero concentration according to Eqs. 5 and 6 (5, 6, 59, 60, 62, 63). It has also been shown by Odijk(14) that the length of the subunit could be related to the correlation distance � between the macromolecular chains in solutions of not too high concentrations where interactions have to be . taken into account. Consequently the higher frequency dispersion region is expected to be altogether absent for a completely rigid, cylindrical polyelectrolyte or for a more flexible chain at very low concentrations both of macromolecule and salt, where the macromolecule is practically completely stretched and no overlap between different chains occurs. Evidence for this is too scarce to permit any definite conclusions.
Another possible explanation for the higher frequency dispersion proposed by Minakata (65) is related to a radial component ofthe induced dipole moment arising from the perturbed ion distribution around a rigid polyelectrolyte. If this should be the origin of dB2(O) and its dispersion, it is to be expected that they should disappear neither for low values of the molar mass nor at very small concentrations. As pointed out above, not enough experimental evidence is available to decide about the validity of this mechanism. It is perhaps also appropriate to point out that under the conditions mentioned, the effects sought may become too small to be observed with enough accuracy.
Neither approach finally can explain in a satisfactory way why the relaxation mechanism deviates from the simple Debye-type and, in particular, why the Cole-Cole parameter Pc is so insensitive to the exact nature of the polyelectrolyte or its concentration and why both dispersion regions do not differ with respect to that parameter.
We now present a more detailed discussion of the theoretical back ground for the dielectric properties of solutions containing charged macromolecules.
THEORY
Intr oduct ory Remarks
The rather complicated picture that emerges from the dielectric experi ments performed with polyelectrolyte solutions has not yet found a satisfactory explanation. Although, as briefly outlined at the end of the preceding section, different semiempirical attempts have been made to understand at least in a semiquantitative way these experimental results, they are far fr om serious approaches and cannot be justified by sound theoretical arguments.
A series of papers were published that tried to give a theoretically sounder treatment of the dielectric response of solutions of charged particles. Unfortunately, these treatments were based on models that did not satisfy the experimental conditions of the systems discussed in the preceding section. Most of these treatments considered compact spherical particles of a radius much larger than the Debye length, which cannot be assumed to be a reasonable approximation of a macromolecule with a high linear charge density in a solution of low ionic strength. As interparticle interactions were not taken into account, these theories would probably apply to concentrations outside the range usually studied. In the few cases in which cylindrical particles were discussed the situation with respect to the experimental conditions would be even worse. In particular, no treatment of either case is available for systems in the absence of low molar mass electrolyte. Therefore one has to conclude that there exists a regrettable gap between the systems accessible to experimental investi gation and the theoretical treatments that can presently be handled. The semiempirical treatments mentioned above can thus not be disregarded; they still have a certain utility because they predict rather satisfactory order of magnitudes for the experimental quantities. This may be due to certain compensating effects not yet entirely understood, and hence these semi empirical treatments may obscure certain essential aspects of the polar ization effects arising fr om the perturbation of the ion distribution in polyelectrolyte systems.
In order to give a fe eling for the more fundamental approach to these polarization aspects and the effects that physically accompany the appli cation of oscillating external electric fields, we shall outline in detail some of the more recent theoretical approaches that have been used for the case of compact, spherical particles in particular within the "thin double layer approximation." After some fu rther elaborations of these treatments a short discussion of the cruder approaches is presented under the heading "Associated Counterion Polarization."
Prior to the work of Dukhin & Shilov, summarized in their monograph (77), workers attempting to calculate a polyion's dipole moment induced by an electric field routinely neglected fluid convection, ion currents, and the compensating dipole moment due to the ion atmosphere. Moreover, in the case of an oscillating field, the out-of-phase component of the dipole moment makes an appreciable if not dominant contribution to the real part of the dielectric response, but this out-of-phase component used to he disregarded altogether. In recent years a number of theorists (78-84) have corroborated and extended the analysis of Dukhin & Shilov.
First of all, we summarize several of the assumptions and starting equations pertaining to a single spherical polyelectrolyte in an infinite mono-monovalent electrolyte solution. Related discussions of these have appeared (77, 78, 80, (85) (86) (87) (88) (89) (90) . In the case of simple electrolytes, the equations were written down by Onsager (91) (105) (106) (107) (108) (109) (110) . In general, the same or analogous equations need to be solved so approximation schemes used in one area can be fruitfully carried over to another. For instance, O'Brien's conductivity theory of charged suspen sions (99, 100) has been applied by Hinch & Sherwood to dielectric response (84) and the primary electroviscous effect (1 10).
Double-Layer Polarization
BASIC EQUATIONS
Let us consider an impenetrable, nonducting sphere of radius a immersed in a mono-monovalent electrolyte solution of bulk concentration co. The sphere has a uniform permittivity 101 as well as a unifo rm surface charge density (Jq' assumed positive for definiteness.
Because of the externally applied, uniform, oscillating electric field Ee x eiW1 (0) is the angular frequency and t is time) an electric body fo rce within the solution will cause solvent flow via the quasistatic version of the Navier Stokes equation, also known as the Stokes equation (111) 8.
valid everywhere within the fluid. Here the charge density Pq' the local electric field E, the solvent velocity v and pressure P are fu nctions of position r and time t. The solvent viscosity 1} is assumed to be unifo rm. In Eq. 8 it is supposed that the inertial terms can be neglected, i.e. pov/ot is small compared to the viscous term (p is the fluid density), and the nonlinear terms do not come into play-the Reynolds number is small: Re = (paull]) « 1 where u is a typical velocity of the sphere. It is customary to regard the fluid as incompressible (111) .
The local electric potential <P that determines the electric field E = -V <p, is related to the charge density via Poisson's equation (112) to. (111) 11.
Annu
where the ion fluxes Ji = CiVi with Vi = vier, t} denoting the ion velocities. Because Vier, t} generally differ from the fluid velocity vCr, t}, frictional fo rces will be exerted on the ions by the fluid. These must be balanced by diffusional fo rces arising fr om the nonuniformity of the ion distributions as well as by the electrical forces (86) 12.
where ks T signifies Boltzmann's constant times temperature and Pi and qi represent the frictional constant and the charge of the ions, respectively
(q\ = -q;q 2 = q). Equation 12 is certainly not exact. Besides inertial effects, hydrodynamic interactions between ions are neglected, the dif fusional fo rce is approximated by an ideal term, and polarization of the sur rounding fluid by the movement of the ions is not taken into account (3).
If Eex = 0, Ji = 0 (i = 1, 2) and we end up with the equilibrium Poisson Boltzmann equation (8) 13.
where the dimensionless equilibrium potential 1/1 e == q¢jkBT has been introduced, K 2 = 8nQco defines the Debye screening length K -1 and Q = q 2 jeokB T represents the Bj errum length. Although oflimited validity, Eq. 13 is known to be quite accurate under certain specific conditions for highly charged polyelectrolytes (8) . From Eqs. 11 and 12 we can eliminate the ion velocities to obtain the Smoluchowski-type equation.
The terms on the right hand side represent ion convection, ion diffusion, and conduction, respectively. Before discussing boundary conditions we want to make some general remarks. It is evident that a substantial number of explicit as well as implicit assumptions are needed in order to establish Eqs. 8-14. In the literature one sometimes sees an ad hoc adjustment or "improvement" of one or several of these assumptions without concomitant modification of the others. For example, one might let eo be nonuniform. However, in that case Eq. 12 becomes even more approximate-the static version of Eq. 11 would have to be reassessed. Furthermore, effects of discreteness would now have to be taken into account. It is also equally inconsistent to let IJ be unifo rm. Besides these considerations it is not at all clear that non uniformity is adequately represented by letting 80 be only a fu nction ofr, i.e. a nonlocal response would be equally plausible.
BOUNDARY CONDITIONS
Far away fr om the sphere, the fields determined by Eqs. 8-14 assume the following limiting fo rms.
15c.
15d.
In order to specify boundary requirements near the sphere, we are fo rced to make additional assumptions. One viewpoint, common to polyelectrolyte physical chemists, is to regard the surface charge density as a fixed quantity (measurable in principle), especially if the macromolecule is fu lly charged. Furthermore, it is supposed that the solvent surrounding the sphere has uniform properties right up to the polyion surface. In this case we have v = u(t) rES The other extreme disseminated by colloid scientists (113) is to consider the surface potential 4>s fixed (but very difficult to measure). It is supposed that a number of ions are adsorbed onto the surface, the ill-defined layer just outside the polyion and including these ions being termed the Stern layer. The potential 4>d at the outer surface of the Stern layer is not necessarily constant. Finally the so-called surface of shear S' at which the fluid is postulated to stick may be located beyond the Stern layer. Hence, it is asserted that electrokinetic measurements yield not 4>« but (, the zeta potential at the shearing layer. The colloid model has several adjustable 
18b.
where i is the locally defined microscopic current and V is the volume of the solution. Ohm's law pertains to these averaged quantities 19 .
with (J the steady-state conductivity of the system. Equation 19 holds only for low enough fields. The microscopic current is derived from Eq. 12
O'Brien (99) simply neglected the convection term. After rearrangement of Eq. 20, he eventually arrived at the following expression for the average current.
The first term is just the average current of the pure salt solution and is equal to (Jo <E). The k summation is over all charged spheres, � is a volume enclosing the kth sphere and its double layer, OCi and o¢ are the (small) deviations fr om equilibrium that are induced by the electric field. The suspension is dilute, i.e. N� « V where N is the number of spheres in the solution. Note that ion diffusion contributes to the macroscopic current, a fact that is neglected by Dukhin (77) as well as Fixman (78) , although their fo rmulas agree with Eq. 21 whenever f3i = f32' If the ion mobilities f311 and f32 1 differ appreciably, the ion diffusion terms play a substantial role. It should be stressed that theories assuming equilibrium of the double layer are hopeless since O'Brien (99) showed that the term kBTVlJcj + coq;V(j¢ is not zero in general. The integrals in Eq. 21 are related to the asymptotic properties of the concentration and electric potential "far fields."! O'Brien's results were corroborated by Saville (104) in his treatment of the sedimentation potential in dilute, charged suspensions. Saville showed that one is required to incorporate diffusion terms like those above, in order to be consistent with earlier work on linear, irreversible thermodynamics (90) .
Finally, the same procedure was used by de Lacey & White (80) to derive the frequency dependent, complex conductivity (J*(w) and hence the dielectric response e*(W) if the field is oscillatory. Accordingly, Eq. 19 is generalized to 22.
1 Note that this discussion pertains to the w = 0 case. The works ofDukhin (77) Furthermore, one has to add a displacement current to Eq. 20. After several manipulations, de Lacey & White (80) where 0"0 is assumed constant, the volume fraction (g == 4 n a3 N /3 V) of the charged spheres is small, and the induced dipole moment is complex : p* = p' + ip". The latter arises because the integrals of the frequency dependent analogue of Eq. 21 are related to the asymptotic form of the far fields (see e.g. 7S, SO) pertaining to the one sphere problem, e.g.
24.
The 6c; far fields do not contribute if w =1= 0, however. The physical reason for this is that the left-hand side of Eq. 11 is unequal to zero when w is likewise, so the concentration fields decay essentially exponentially. They simply do not have time enough to build up macroscopic currents. From a mathematical point of view, the w --+ 0 limit is nonuniform or singular as pointed out by de Lacey & White (SO). If we introduce a complex polarizability defined as a*(w)<E) = (a' + ia")<E) = p*, we can deduce the real part of the dielectric increment from Eqs. 22 and 23 (see also Eqs. 2 and 3)
,1e'(w) = 4 n ,1O""(w) = 3g (a'(w) + 4nO"oa"(w) ) 25. w a3 weo
where ,1a*(w) = a*(w) -0"0' The first term corresponds to the usual in phase polarization. However, there is also an out-of-phase polarization related to a " of the sphere because the polarization lags behind the applied field (77) . Hence, an out-of-phase field results that acts on the ions in the surrounding fluid. Out-of-phase conduction currents appear, but these in turn can give rise to in-phase polarization. Note that the a" term can be large if the solution is highly conductive. As a matter of fact, it usually overwhelms the first term in the theory of double layer polarization (77, SO). In order to calculate ,1e'(w), one has to solve Eqs. 8-17, and then derive the far field terms, in particular, for J¢(r) (see Eq. 24). As a rule, this is a difficult scheme analytically, but even numerically, since the various equations are highly nonlinear. Nevertheless, relevant values of aK are generally much larger than unity, because measurements are carried out on quite large colloidal spheres usually. In this limit at least, the theory is tractable even ifthe dimensionless surface potential is high. In conclusion, it seems worthwhile to point out that the a" term in Eq. 25 corresponds to the Debye-Falkenhagen dielectric increment in the theory of simple electrolyte solutions (92). (78) is not always easy to follow, it presents a physically motivated and efficient way of attacking the aforementioned set of differential equations in the limit oflarge aK. At first Fixman (78) implicitly disregarded solvent flow (see his discussion following his Eq. 3.22), but he incorporated it in a later paper (83) . The fact that neglect of fluid flow is not always allowed can be discerned from the following rough argument. If aK » 1, i.e. the double layer is very thin so the sphere is seen as a plane on the scale of a Debye length, we have from Eqs. 8 and 10
where the absolute value of the Maxwell field <E) = E o e i w1 has been chosen as a typical value of the electric field strength. Next, in Eq. 14 we compare the ratio Re,i of the convection to the conduction terms 26.
where Pi = 6n1'fdi defines an effective ion radius and Z = q,/kB T is a dimensionless zeta potential. Equation 26 is derived by writing Ci = ci , e + bCi with Ce the equilibrium concentration and i5c i the perturbation, splitting up the vectors into normal and tangential components with respect to the sphere surface, v = Vn + v, and E = En + E" and comparing tangential terms. For H20 at 298 K, the Bj errum length Q = 7.14 A, so Re,; can easily be of order unity and solvent flow must be accounted for.
It is, nevertheless, of methodological interest to study the v = 0 case even if Z = @ (1). In that case Fixman (78) proceeded as follows.
1. If fluid flow is neglected, the charged sphere is simply considered to be motionless (u(t) = 0), which is certainly all right in a calculation of the dielectric response. The origin of our coordinate system is conveniently placed at the center of the sphere. It is also expedient to split up the potentials In Ci and cp into equilibrium (indicated by subscript e) and perturbation parts,z viz In ci = In ci,e + hi and cP = CPe + bc/>. The pertur bation terms that arise because of the applied field add up to a velocity potential determining the velocity of the ions Vi = -kBTfJi-1 VPi
27.
Pi = h i + (q;/kB T) i5CP·
The complex dipole moment of the charge distribution will be obtained from the asymptotic behavior of the b¢ far field. (This is identical to the asymptotic form of the ¢ far field. We specify the "far fields" below.)
2. The total solution is divided into a double layer region surrounding the charged sphere (= v" -4na3/3) and the remaining outer region. The double layer thickness (j is equal to, say several times K -1. If the applied field is sufficiently small, the region beyond the double layer is electroneutral because of screening. This implies Pq = 0, hi = h2 and V 2 1>¢ = 0 in the outer region. Clearly, the quantities h i' Pi' and 1>¢ vary rather slowly outside the double layer. Accordingly, it makes sense to call them far fields in that case. They will have to obey certain boundary conditions at the outer surface of the double layer.
The rate of change of ri the number of ions i per unit area within the double layer is obtained by integrating Eq. 11 across the double layer.
r; = J: Ci dy 28a.
ar .
Here, the divergence of CiVi has been split up into a component in the radial direction and a tangential divergence Os is a unit vector in the outward radial direction y, and all integrations are performed from the surface ofthe sphere (y = 0) to the boundary of the double layer. The first term on the right hand side of Eq. 28b is defined on this same boundary. The reader should note that Eqs. 28 and 29 differ somewhat from Fixman's original paper (78) . He also defined far fields within the double layer, and considered quantities like Ci -Ci, f ' To within all approximations considered, his analysis is just the same as ours to leading order (e.g. his 8 i � our C). 3. The restriction aK » 1 is now introduced (the so-called thin double layer approximation). The aforementioned boundary conditions for the far fields on the outer surface of the double layer can now be regarded as effec tive requirements on the sphere's surface itself (i.e. we are replacing a + 1> by a). Inside the double layer there is an excess of counterions compared to the bulk, whereas there is a deficiency in coions. In what fo llows we assume that either the surface charge density or the surface potential is so high that Cl within the double layer is much larger than Co. To the same approxim ation, C2 is disregarded inside the double layer. These simplifications as well as Fixman's approximation (78) of assuming the tangential component of v; to be constant across the double layer serve to reduce Eqs. 28b to the following expressions 29a.
Assuming r 1 varies as exp(iwt), we are able to set or dot equal to zero because the Maxwell relaxation time !M � eolLi Qt C 0f3i -1 is much shorter than 0) -1 for 0) < 107 Hz (78). The first term on the left-hand side of Eq. 29a
signifies the radial flux (into or out of the double layer), whereas the second term is the tangential flux along the sphere surface. In view of electroneu trality outside the double layer, Eq. 14 reduces to the following diffusion equations for the far fields hI and h z (78) :
These fields tend to zero as r goes to infinity.
The physical meaning of these equations is that the polarization of the double layer by the external field manifests itself in a counterion flow within the double layer tangential to the sphere and in the opposite direction to that of the applied field, but also in a counterion flow into and out of the double layer. Because in the outer region electroneutrality has to be maintained (pq = 0; hl = hz), coions will diffuse in order to compensate for any counterions entering or leaving this region.
4. Since the applied field varies periodically with circular frequency 0), one can safely assume the perturbed variables to have the same frequency dependence exp(iwt). (The equations become linear if the perturbed quantities are small.) The dipole solution h* of Eq. 30 will be proportional to eiwt o(r-1 e-Ar)lor where A-I = (iwf3lkB T) -1/ 2 is a characteristic length scale of the ion diffusion (78) . Thus, a typical time scale for this diffusion is ! S == f3a z /2kBT. Here, we have set f31 equal to f32 (== (3), for convenience. Tn view of the electroneutrality condition for the outer region and the linear relations between hI, h2' and Je/>, the dipole part of the far field Je/> will be characterized by the same relaxation time ! S ' As Im(h* e-iwt) is propor tional to A 2 at very low frequencies, the term in Eq. 25 containing 0'0 reaches a well-defined limit as 0) � O.
5.
A convenient small parameter fo r large spheres turns out to be r llaco, where we have set C1 � Co at the outer boundary of the double layer (see Eq. 29a). From Fixman's paper (78) one can derive the following expression for the dielectric increment, using Eq. 25.
31.
It can be shown that the r/ term is much smaller than the a" term (80). The decay of �e'(W) is not of the Debye-type but is quite gradual. Note also that �e'(O) can easily be very large provided that r 1 is large enough.
SINGULAR PERTURBATION ANALYSIS
A more systematic though quite complicated route to solving the set of differential equations is by singular perturbation theory (for reviews see 118 and 1 19). Neglecting ion convec tion, Chew & Sen (82) attempted to find uniformly valid series expansions to Eqs. 8-15, 17 in terms of powers of (aK) -1. Obviously one needs an analytical approach to the Poisson-Boltzmann equation (Eq. 13) to start with, but Chew & Sen solved this (120) also by the method of matched asymptotic expansions, one of the best known singular perturbation techniques (11 8, 119) . This method entails identifying a region (or regions) of non uniformity, often enough a region in which the fields vary markedly-the thin double layer in this case-expanding the variables systematically within the chosen inner and outer regions, respectively, and matching the inner to the outer expansions, again systematically (i.e. matching order by order in terms of the chosen expansion parameter). The outer limits of the inner expansions must coincide asymptotically with the respective inner limits of the outer expansions. In this way the resulting composite solution is uniformly valid within the entire region.
In the theory of the dielectric response of spheres (neglecting convection), it turns out that the relevant small parameter is not (aK) -1 but rather (aK) -1 exp Z/2 (82) . If the latter is small and Z � 2, Chew & Sen (82) derived the fo llowing expression using basically the same approximations as Fixman (78) . 
32.
From the viewpoint of the colloid physical chemist, the surface charge density O"q can be related to ¢d � � when aK » 1, for in that case wejust need the flat plate solution (113) : O"q = 2qK-1 co exp Z/2 valid for Z � 2. Since we have O"q � qr b Eq. 32 is virtually identical to Eq. 31.
The parameter (aK) -1 exp Z/2 first turns up in Dukhin & Shilov's work (77) . If it is assumed to be small and the fluid convection is neglected also [the latter is the case when their parameter m = (9(dQ -l) is set equal to zero ; m -1 is analogous to a Hartmann number in electro-and magneto hydrodynamics], their Eq. 111.103 corresponds to Eq. 32 if we take into consideration a number of misprints. We emphasize that Dukhin & Shilov were the first authors to attack Eqs. 8-17 in a serious way. We have outlined Fixman's approach mainly because it yields results more directly.
Sp herical Par ticles: Fu rther Developments
Not only did Dukhin & Shilov (77) initiate the theory of dielectric dispersion based on double layer polarization, but they also attempted a more general analysis than the one surveyed above. Unfortunately, their book (77) abounds with typographical errors, so that it is frustrating trying to figure out the correct formulas. Dukhin & Shilov gave a much more elaborate derivation of a surface boundary differential equation analogous to Fixman's (see Eq. 29), but their exceedingly lengthy account is not particularly clear. In our view, other papers (78) (79) (80) (81) (82) (83) (84) (83) also showed numerically that his approximation of constant tangential ion velocities across the double layer is highly accurate. The perturbation potentials hi and (j¢ change far less slowly than P i (83) . Accordingly, Fixman remarked that different perturbation expansions for Pi versus hi and (j¢ will have to be devised in order to set up a complete theory incorporating convection. 
PERTURBATION THEORY
Hinch et al (84) have extended the methods of previous workers (77) (78) (79) (80) (81) (82) (83) to include effects due to differences in the mobilities of co-and counterions (called "asymmetry"), constant uq versus constant ¢d boundary conditions, and varying uq and ¢d because of chemical reactions taking place very close to the surface of the sphere. In general, although these refinements have a small but significant influence on Ae'(w) (about the same as convective polarization), we are not certain whether they will show up in measurements. Hinch et al (84) assert that their analytical results diverge from the numerical work (80), but, again, this might be due partly to their choice of parameter values.
LOW POTENTIAL LIMIT
A theory for arbitrarily thick double layers has been developed by O'Brien (81) for small Z (;52). It incorporates solvent flow as well as asymmetry of the electrolyte, and it agrees well with numerical work (80) . This interesting theory will be difficult to test because the predicted Ae'(w) values are not very large.
FINAL REMARKS
The above-mentioned theories have assumed the applied field to be low but beg the question of how low it should be. In a sophisticated numerical analysis, Fixman & Jagannathan (121) showed that nonlinear effects already start occurring at field strengths of the order of 500 V cm -1, a figure certainly lower than one might first expect.
Finally, we stress that even though quite a few elaborations to Eq. 32 have been made, experiments are carried out at rather high volume fractions (usually 9 > 0. 1). Significant concentration effects should show up in that event, since ion diffusion (Eq. 30) occurs on a scale of a particle radius. The recently developed theories of reaction diffusion in a suspension of spheres will be useful in elucidating 9 dependent effects, e.g. (122a,b) . Really reliable experiments on charged sphere suspensions at low volume fractions (at 9 ;S 0.05) have not, to our knowledge, been performed. Various authors' (77-84) comparisons of their theoretical results to Schwan's data (123) are at best tentative since 9 � 0.3 in his case.
Rod-like Polyions
Dukhin & Shilov (77) summarized some of the Russian work on the polarization of long rod-like polyions. Instead of 't"S' we now have "I = L2 f3/8kBT where L is the rod length (generally one has Tn � D2f3/kB T for a polyelectrolyte with D the largest, average, dimension). They did not give explicit expressions for As'(w), which they apparently derived using unrealistic approximations, however. (112) . Within the thin-double layer approximation (ae" » 1, ae = cylinder radius), Fixman's formula (79) for the dipole moment of a long rod (L » ue) in a mono-monovalent electrolyte solution reads
THIN-DOUBLE LAYER APPROXIMATION
where the constant G = 2 In (2L/ac) -1 3 4 and the characteristic decay length ,),-1 = [2aer I G/co] 1/ 2 . Note that ,),-1 scales as the Debye radius ,,-1. Its parameter dependence can be inferred from Eq. 29a. As soon as the rod length is about ')' -1 or longer, the counterion flux out of the double layer starts having an appreciable influence. For ')'L = (9(1) or larger, II ' must have a lesser dependence on L than the limiting fo rm of Eq. 33 for yL « 1. A convenient paper has been published by Teubner (125) , who showed that one can calculate the force and torque on a rigid, charged macromol ecule of, in principle, arbitrary shape, in an electric field, without explicitly solving Eqs. 8-15. He generalized the so-called reciprocal theorem well known in the field of low Reynolds number hydrodynamics (126) . If fluid flow is neglected in Eq. 15, the hydrodynamic part of the problem amounts to solving the flow around the hypothetically uncharged particle in the absence of the external field. As an application, Teubner showed how Eqs. 33 and 34 could be rederived.
Associa ted Counterion Polarization
Many workers have simply neglected out-or-phase polarization altogether, i.e. they neglected the a"(w) term in Eq. 25. In a formal sense this corresponds to setting 0'0 equal to zero. Earlier ideas started from a two phase model ; the inner phase of "associated" counterions surrounding the charged macromolecule was regarded as very easily polarizable, the outer phase was assumed to not take part in the polarization. It should now be clear that neglect of a" (w) is just not allowed, as has been stressed by Dukhin & Shilov (77) and Fixman (78) . Moreover, the neglect of double layer polarization, various ionic currents, and solvent flow makes most of the theories of a'(w) extremely crude. Still, some of the models outlined below do incorporate physical features that have been disregar d ed entirely in the work mentioned above. Thus, besides being useful in a rough, semi empirical way, the older theories should at least point to areas where more fundamental research might take place in the future. Note that the counterions that we have called "associated" are also termed "condensed," "accumulated," "adsorbed," "domain bound," etc. 
a BT
This result is approximately a factor acor 11 larger than Ae'(O) from Eq. 31. However, leakage through the double layer (first term on the left-hand side Eq. 29a) will drastically decrease Schwarz's result (127) . Schurr (128) attempted a modification in this direction, but his calculation was heavily criticized by Dukhin & Shilov (77) . Their own version of Schwarz's theory leads to values much lower than those from Eq. 31. It seems that a reassessment of these calculations may be called for. As we mentioned above, no experiments at sufficiently low volume fr actions have been published with which we could put these theories to a stringent test.
The relaxation behavior in Schwarz's theory stems from an equation analogous to Eq. 29a but without the normal component flux and retaining the time derivative. Hence, the relaxation of the associated counterions is diffusional and the relaxation time scales as D 2 f3/ku T = a 2 f3/kBT, i.e. the same as in double layer polarization theories (77) (78) (79) (80) (81) (82) (83) (84) . with I the average spacing between the elementary charges along the polyelectrolyte contour and I � Q. Equation 37 is almost identical to Eq. 34, which again is not startling. Oosawa (131) and others (132, 65) tried tampering with the assumption that the associated counterions have no interactions. Oosawa assumed Debye-Hiickel screening due to counterions within the adsorbed sheath. This dubious procedure has been severely criticized by Fixman (78, 79) .
ROD-LIKE POLYIONS
FLEXIBLE POL YELECTROL YTES
In reality, flexible linear polyelectrolytes are not usually rod-like and solutions ofthem are invariably semidilute (1 4, Hence, the above-mentioned theories are very crude approximations in general. Moreover, at least two dispersion regions are found experimentally (see previous section). An ad hoc, semiempirical approach to explaining the experiments is to assign some characteristic dimension to D and see how far one gets. Th�s, the root-mean square extension length R of a poly electrolyte has been associated with the first dispersion region by van der Touw & Mandel (76) . In other words, the relaxation time is approximated by T 1 � R 2 fJ/kB T. Because the concentration behavior of T 1 and T 2 (the relaxation time of the second region) seems to be similar (59), van der Touw & Mandel (76) also postulated that the length defined by r 2 � b 2 /3/kB T is a basic scale pertaining to the macromolecules. Specifically, they speculated that it could be the average distance between potential barriers along the chains. Subsequently Odijk (1 4) conjecturing that b might be identified with the correlation length (, i.e. the average distance between entanglements in the semidilute solution. From scaling theory (1 4) perhaps rather startling is that this certainly crude treatment of poly electrolyte dielectrics yields a priori estimates ofthe parameters A and B (see previous section) that are in reasonable agreement with certain experi mental results.
CONCLUSIONS
As has been emphasized several times in this review, the situation regarding dielectric properties of aqueous polyelectrolyte solutions is far fr om satisfactory. Experimental results seem to be rather fragmentary and sometimes contradictory, and progress is seriously hampered by experi mental difficulties that could be overcome if recent technical developments were fully exploited. What is needed is a series of systematic investigations over a broad frequency range, extending from at least 1 Hz to 107_108 Hz, in which, one at a time, several parameters of a given system are varied.
Ideally these parameters should include molar mass (of well specified, homo disperse samples), concentration, nature and charge of the counter ions, concentration of additional salt, and temperature ; but a systematic study of the influence of at least the first two is presently imperative. In choosing the range of composition, recent ideas about concentration effects in polyelectrolyte solutions should be kept in mind. Experiments with more or less flexible polyelectrolytes should, if possible, be supplemented by parallel investigations in the same sense of rigid charged particles of spherical and other well defined shapes. This should help test existing theories at low concentrations and also help to find indications for the extension of the latter to higher volume fractions and other geometries.
The present gap between theory and experiment should be reduced from the theoretical side. Extension of the actual approaches to systems that are more readily accessible to experimental investigations would be a very valuable development. This would apply to treatments in which some polyion-polyion interactions are taken into account, particularly at lower ionic strengths with the subsequent abandonment of the thin-double layer approximation. In parallel, it is important to include chain flexibility, e.g. by using theoretical models based on a wormlike coil approach. We hope a (partial) solution to the problems posed above will be discussed in a future review.
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